Classical stability of black holes under massless Dirac perturbations 
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Abstract 

o ■ 

In a D-dimensional maximally symmetric spacetime we simplify the massless Dirac equation to two 
decoupled wavelike equations with effective potentials. Furthermore in D-dimensional Schwarzschild and 
Schwarzschild de Sitter black holes we note that for the massless Dirac field moving in the region exterior 
to the event horizon at least one of the effective potentials is not positive definite. Therefore the classical 
stability of these black holes against this field is not guaranteed. Here with the help of the S'-deformation 
method, we state their classical stability against the massless Dirac field, extend these results to maxi- 
mally symmetric black holes, and comment on the applicability of our results to establish the stability 
with respect to other classical fields. 
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1 Introduction 

The analysis of the dynamics of the classical fields in black hole spacetimes is necessary to calculate significant 
physical quantities and in the study of relevant physical phenomena PQ-[1], for example, by investigating the 
dynamics of perturbing fields we can determine the classical stability of the black holes with respect to linear 
perturbations [5]-[23], 

Recently the higher dimensional black holes have attracted attention (for example see Ref. and 
for several four and higher dimensional spherically symmetric black holes their classical stability against 
gravitational and electromagnetic perturbations is studied [S]-[33]. We think that a relevant contribution to 
the analysis of gravitational theories is to determine the classical stability of the black holes with respect to 
the small perturbations. 

To show the stability of a static spherically symmetric black hole against a linear perturbation a frequently 
used method is to prove that its dynamics is governed by a positive self-adjoint operator or by one that can 
be extended to a positive self-adjoint operator [IH]-[H]. In the following sections we shall use this method. 

As is well known, in curved spacetimes the Dirac field behaves in a different way than the boson fields, 
for example, this fermion field does not suffer superradiant scattering in rotating black holes [25l [26l [27] . 
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Furthermore the behavior of Dirac fields is not explored as extensively as for boson fields [!]-[!]• Thus it is 
convenient to put attention to the dynamics of fcrmion fields in higher dimensional black holes. 

We are aware of Refs. [2B] - [1H] in which the behavior of the Dirac field is analyzed in higher dimensional 
backgrounds. As far as we know at present time is not solved the question of the classical stability of higher 
dimensional black holes against Dirac perturbations. To partially answer this issue, here for the massless 
Dirac field propagating in maximally symmetric black holes we simplify its equations of motion to a decoupled 
pair of wavelike equations with effective potentials. In the D-dimensional Schwarzschild and Schwarzschild de 
Sitter (SdS) spacetimes we notice that the effective potentials are not positive definite, as a consequence we 
can not guarantee the positivity of the operator that governs the dynamics, and hence it is not straightforward 
to show the classical stability of these black holes with respect to the massless Dirac perturbations. We find 
similar examples in other maximally symmetric black holes. 

Although we expect that the D-dimensional maximally symmetric black holes are stable under massless 
Dirac perturbations, we believe that it is necessary to prove that these fermion fields do not produce instabil- 
ities. Hence in what follows we state the classical stability of several higher dimensional black holes against 
massless Dirac perturbations. 

We organize the rest of the paper as follows. For Z?-dimensional maximally symmetric spacetimes in Sect. 
[2] we simplify the massless Dirac equation to a pair of decoupled wavelike equations with effective potentials. 
In Sect.|3]we analyze and plot the effective potentials of the massless Dirac field propagating in Schwarzschild 
and SdS black holes. We find that in these two spacetimes at least one effective potential is not positive 
definite. In Scct.|4]wc establish the classical stability of the D-dimensional Schwarzschild and SdS black holes 
under massless Dirac perturbations and we extend these results to the _D-dimensional maximally symmetric 
black holes. Finally in Sect. [5] we discuss our main results and comment on the application of these to prove 
the classical stability with respect to other perturbing fields. 



2 Massless Dirac equation 

As is well known, in a Z?-dimensional (D > 4) spacetime with line element of the form 

ds 2 = F(r) 2 dt 2 - G(r) 2 dr 2 - H(r) 2 dZ 2 D _ 2 , (1) 

where dY? D _ 2 is the line element of a (D — 2)-dimensional invariant base manifold, the Dirac equation 

iftijj = imp, (2) 

simplifies to the coupled system of partial differential equations [55J [2H 1301 OH] 

F ( F \ 

d t tp2 ~ -^d r ip 2 = iK— - imF Vij (3) 



G \ H 

F ( F \ 

d t i>i + g<3 r <0i = - [ tK j^ + imFJ ip 2 , 

where ipi, "02 are the components of a two-dimensional spinor in the (t,r) sector of the metric (jTJ) , and 
k denotes the eigenvalues of the Dirac operator on the (D — 2)-dimensional base manifold d£f)_ 2 , that is, 
^ ds X = K X0 in what follows we call to a spacetime with line element of the form (fTJ as maximally symmetric 
black hole. 

For the massless Dirac field, if we define 

W = -iKj;, (4) 

then we rewrite Eqs. (O as 

d x Z+-d t Z_ =WZ+, (5) 
d x Z_-d t Z+ = -WZ_, 



1 Notice that in Eqs. (30) of Ref. [31] ■ the factor —imFip\ (—imFipa) in the right hand side of Eqs. {3)1 is erroneously written 
as —ifiF^i (—ifiFip2), that is, in those equations of Ref. |31l the mass m is denoted by fi without justification. 
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with 

da; G 

Z± = V>2 ± ipi, and — = — , (6) 

that is, x is the tortoise coordinate of the spacetimc (JTJ. 

From Eqs. ([5j we obtain the wavelike equations for the functions Z± 

d 2 x z ± - d 2 t z ± = (w 2 ± d x w)z±, (7) 

that is 

d 2 Z ± = d 2 x Z ± -V ± Z ± , (8) 

where 

V± = W 2 ±d x W. (9) 

In what follows we call to the quantities V± the effective potentials and these are usually obtained for 
Schrodinger type equations after we take a harmonic time dependence [50j , here we show that for the massless 
Dirac field a similar procedure works for the coupled partial differential equations ([3]) . For the massive Dirac 
field we do not get a similar simplification. Although for the massless Dirac equation the previous reduction 
is straightforward, it may be useful to study with numerical methods the behavior of the massless Dirac field 
in curved spacetimes (see for example Ref. |51|). 

3 Effective potentials in Schwarzschild and SdS black holes 

The metrics of the D-dimensional Schwarzschild and SdS black holes take the form (JTJ, where dS|,_2 is the 
line element of the [D — 2)-dimensional unit sphere. Therefore the eigenvalues k take the form [52] 

K = ±l (i + R-1), (io) 



where I = 0, 1, 2, . . . In what follows we consider only the eigenvalues K = i (I + (D — 2)/2). We think that 
for the eigenvalues k — —i (I + (D — 2)/2) we find equivalent results^ 

For the £>-dimensional Schwarzschild and SdS black spacetimes we know that the metric functions of the 
line element (JTJ satisfy 

F 2 = ^ = L H = r, (11) 

where 

/=l-^> (12) 
for the D-dimensional Schwarzschild black hole and 

/ = l-^a-^ 2 , (13) 

with A > for the D-dimensional SdS black hole (A is related to the cosmological constant). For both 
spacetimes the parameter /i is related to the mass of the black holes. Here we study the region r > rn in 
Schwarzschild black hole, and the region rc > r > m in SdS black hole, where m denotes the radius of the 
event horizon and rc denotes the radius of the cosmological horizon. 

Thus in both black holes we obtain that the function W of the formula (J1J is equal to 

(see the formulas (|12| and (fT3j ) and therefore the effective potentials ((9j are equal to 

M<+v)>(-^v(^y 



2 To obtain the effective potentials for the eigenvalues k = — i (I + (D — 2)/2), we must change the labels + — in the 
effective potentials V+ and V— of the eigenvalues k = i (I + (D — 2)/2). 
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Figure 1: Effective potentials V+ (dashed) and Figure 2: Effective potentials V+ (continuous) 
V- (continuous) for the Schwarzschild black hole and V- (dashed) for the SdS black hole with 



with D = 4, fj, = 1, and I = 0. 



D = 4, (j, = 1, and I = 0. 





Figure 3: Effective potentials V- for the Figure 4: Effective potentials V_ for the 
Schwarzschild black hole with = 1, I = 0, and Schwarzschild black hole with D = 9, fj, = 1, 



D = 5,6,7,8,9. 



and/ = 0,1,2,3. 



Taking into account that for the D-dimensional Schwarzschild (fT"2"|) and SdS (|TU| black holes their metric 
functions satisfy 

Id/ f_«D-l) 1 



2r dr 



„D-1 



we find that in these two spacetimes the effective potentials (fT5"j) transform into 

L» - 2 s 



/ + 



(17) 



In Figs. [T]and O for allowed values of the physical quantities fx, X, and D, we plot the effective potentials 
V+ and y_ in Schwarzschild and SdS black holes. In Fig. Q] we see that in Schwarzschild spacetime the 
effective potential V- is not positive definite, whereas in Fig. [2] we observe that in SdS background both 
effective potentials V+ and V- are not positive definite. In the following we show that these behaviors of V+ 
and V- are generic in Z3-dimensional Schwarzschild and SdS spacetimes. 



3.1 Schwarzschild black hole 

In D-dimensional Schwarzschild black hole, the effective potentials (fl7j) take the form 



v ± _n + £^Y7i- 2 " ^ 1 



D-3 



1/2 



(m(D-1) 1 



From these expressions, in an analytic way we show the following: 

1. At the event horizon r = rn both effective potentials are equal to zero. 



(18) 
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Figure 5: Effective potentials V+ for the SdS Figure 6: Effective potentials V- for the SdS 
black hole with fi = 1, I = 0, and D = 5, 6, 7. black hole with = 1, / = 0, and D = 5, 6, 7. 



2. Near the event horizon, that is, at r = rjj + 8, with 8 > 0, <5 <C rjr, we find that V+ and V- fulfill 

y+Cfi? + 5) > 0, V-(r H + S)<0. (19) 

3. If ro is the positive root of 



then 



^5^-1 = 0, (20) 



r+(| . i) = r . :{l+ D2\ /M >0 , (21) 



that is, the effective potentials V+ and VL take the same value at ro. Notice that for D > 4 we find 
that ro > ru- 

4. As r — > oo, V+ and V_ go to zero taking positive values. 

See Figs. [HO andUJ Thus we get that in Z?-dimensional Schwarzschild black hole the effective potential 
V+ is positive definite. Furthermore notice that the effective potentials V- have a small negative ditch near 
the event horizon and therefore these are not positive definite (see Figs. [3] and [4] for plots of the effective 
potentials V_ for different values of the quantities D and I). 

3.2 SdS black hole 

In D-dimensional SdS black hole the effective potentials (jTTJ) are equal to 

^ (i-^-> 2 )" 2 (^-4 

2 y y r / V r r 

For these effective potentials we show the following: 

1. At the event horizon and at the cosmological horizon both effective potentials are equal to zero. 

2. Near the event horizon, that is, at r = r h + <5 we get that the effective potentials satisfy 

V+ (r H + 6)>0, V- (r H + 5)<0, (23) 

and near the cosmological horizon, that is, at r = rc — 8 we find 

V+(r c ~8)<0, V-(r c -S)>0. (24) 



Figure 7: Effective potentials V+ for the SdS Figure 8: Effective potentials V— for the SdS 
black hole with ^ = 1, D = 4, and 1 = 0,1, 2. black hole with fj, = 1, D = 4, and / = 0, 1, 2. 



3. As for Schwarzschild spacetime, if r$ denotes the positive root of Eq. (|20j) . then in the _D-dimensional 
non-extreme SdS black hole the radii rjj, ro, Tq fulfill m < ro < rc, and the effective potentials 
take the same value at ro, that is V+(r$) — VI (7*0) ■ Notice that in SdS background the quantity ro 
corresponds to the common value for the radii of the event horizon and cosmological horizon in the 
extremal limit. 

Hence in Z?-dimensional SdS black hole, neither V+ nor V- are positive definite, both effective potentials 
are negative in some interval, V+ near the cosmological horizon and V- near the event horizon, (see Figs. [5J 
[5] [8] for plots of these two effective potentials for different values of the parameters D and I). 



4 Stability analysis 

For the Z?-dimensional Schwarzschild and SdS black holes the region exterior to the event horizon is static, 
therefore in this region Eqs. ([8} simplify to eigenvalue problems of the type 



,2 



U) 



R±=A ± R ± , (25) 



where A± are the operators 



In the domain Cq°(x) of smooth functions with compact support in x, the operators A± are symmetric. 
To state the classical stability of the Schwarzschild and SdS black holes (or of other black hole) against 
massless Dirac perturbations we must show that the operators A± can be extended to positive self-adjoint 
operators in C^°(x) [TD]— |T2] - As is known, for well behaved initial data the positivity of the self-adjoint 
operators A± ensures that the solutions of Eqs. (|SJ) remain bounded. 

Since in D-dimcnsional Schwarzschild and SdS black holes at least one of the effective potentials V± is 
not positive definite, we can not guarantee the classical stability of these spacetimes against massless Dirac 
fields. Although we expect that these perturbations do not produce instabilities, it is certainly desirable to 
prove the classical stability of these black holes under this fermion field. Furthermore, another objective in 
the study of these two backgrounds is to expound in a simple setting the procedure that we use to prove the 
classical stability when the effective potentials of the massless Dirac field are not positive definite. 

To show that the operators A± of the formula f[26]) can be extended to positive self-adjoint operators we 
use the S'-deformation method [l0]-[12]. Thus following Refs. [ID]-[T2] we define the differential operator 

D = ± + S, (27) 

where S is a regular function of x. Using an integration by parts and taking into account that for $ G Cq°(x) 
we can cancel the boundary terms to obtain [TU]-[T2"] 

r°° / d 2 \ f°° r - i 

J dx <!>* ( -— + VJ $ = J dx ^(D$)*(D$) + V|$| 2 J , (28) 



G 



where the new potential is equal to 

V = V + ^ - S 2 . (29) 
dx 

Thus if we find a function S such that the new potential (|2"9"|) satisfies V > 0, then we show the classical 
stability of the spacetime against the perturbation field [TD]— [T2] . Therefore in the examples for which the 
effective potentials are not positive definite, to prove the classical stability of the D-dimensional Schwarzschild 
and SdS black holes under massless Dirac perturbations, we need to find the appropriate S functions to obtain 
new effective potentials that fulfill V > 0. 

4.1 Schwarzschild black hole 

In Sect. [3]we see that in D-dimensional Schwarzschild black hole only the effective potential V_ of the formula 
(fl8|) is not positive definite. Choosing 

S--(l + ^)(l-&Tl (30) 



we obtain that 



V- = V- + ^- - S 2 _ = 0, (31) 
dx 



and therefore we see that the new potential satisfies V- > 0. Since in D-dimensional Schwarzschild black 
hole we find that V+ > and V- > we state the classical stability of this black hole against massless Dirac 
perturbations. 

4.2 SdS black hole 

For the Z?-dimensional SdS black hole in Sect. |3]we observe that both potentials V± are not positive definite. 
First we focus on the effective potential V+. For this we choose 

to get 

V+ = V+ + ^± - S 2 + = 0. (33) 

Hence, in the SdS spacetime we get that V+ > 0. 

For the effective potential V~ we choose (compare with the expression (|30[) for the Schwarzschild black 
hole) 

to find that in the SdS black hole the new potential (f3"Tj) satisfies V- > 0. 

Thus with the help of the S'-dcformation method in the D-dimensional SdS spacetime we obtain two new 
potentials V+ and V- that satisfy V+ > and V- > 0. Hence we state the classical stability of this black 
hole against massless Dirac fields. 

It is convenient to note that the effective potentials ([T7|) for D = 4 are equal to the effective potentials 
given by Khanal and Panchapakesan [53j for the massless Dirac field moving in the four-dimensional SdS 
black hole (see the formulas before Eq. (3.16) in Ref. [53 ). In the previous reference we do not find plots 
of the effective potentials for the massless Dirac field and in that reference is not noted that these effective 
potentials in the four-dimensional SdS black hole are negative in some intervals (see Figs. [71 [HI), it is 
only noted that the effective potentials are of short range, that is, they go to zero at the black hole and 
cosmological horizons. Furthermore, issues related to the stability of the massless Dirac field propagating in 
four-dimensional SdS black hole are not analyzed in Ref. |53j . 
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Notice that for the Dirac field propagating in Schwarzschild and SdS black holes the quantities S+ and 
S- of the formulas (|30|) . ([32]) . and (|34|) depend on the spacetime dimension D and the nonnegative integer I. 
Hence given a spacetime and its dimension, due to the parameter / for different field modes we get different 
expressions for the functions S+ and S-. Furthermore in these black holes the quantities S+ and S- are 
proportional to the square root of the function / defined in the formula (fTTj) . 

4.3 Generalization 

From the expressions (|30|) . (|32[) . and (f34|) for the functions S- and S+ in the Schwarzschild and SdS black 
holes we notice that in both spacetimes these functions fulfill 

S± cx W, (35) 

where the function W appears in the formula (|14p. 

Thus from the previous observation we get the following result. In a spacetime such that the equations 
of motion for a perturbing field simplify to a wavelike equation with an effective potential of the form 

K^+dP [ v - = w - ar)' 

if this effective potential is not positive definite, then using the S'-deformation method and choosing 

S+=-W, {S- = W), (37) 

we find that the new potential V+ (VL) satisfies V+ = (V- = 0). 

Therefore for a black hole with line element of the form (fT]) and for which the equations of motion for 
a perturbing field simplify to wavelike equations with effective potentials of the type ([9]), if we obtain that 
a potential is not positive definite, then using the S'-deformation method |10]-|12j. with the appropriate S 
function of the formulas (|37|) , we always find a new potential that is nonnegative, and hence we establish the 
classical stability of the black hole against this perturbing field. 

Something similar happens in the static patch of the /^-dimensional de Sitter spacetime when we show 
the stability of the quasinormal modes for the massless Dirac field [54] . 

Notice that the previous results are valid also for black holes with line element (JTJ whose metric functions 
F and G do not satisfy F 2 = l/G 2 . For this instance, in a straightforward way, we check that our method 
works because in our calculations the metric functions F and G are involved as a part of the function W 
defined in the formula (Q| and of the tortoise coordinate x given in the expression (JBJ). 

As an application of the previous results, we notice that in D-dimensional Reissner-Nordstrom and 
Reissner-Nordstrom de Sitter black holes the effective potentials for the massless Dirac field take the form 
ijHJ). In the Reissner-Nordstrom spacetime the effective potentials behave similarly to those of the Schwarzs- 
child spacetime, that is, V_ is not positive definite. Moreover in Reissner-Nordstrom de Sitter black hole the 
effective potentials V± behave in a similar way to those of the SdS background, thus, neither V+ nor V- are 
positive definite. Since in these two black holes the effective potentials are of the form © we can use our 
results to establish the stability of these two spacetimes against massless Dirac perturbations. 

For the D-dimensional Reissner-Nordstrom de Sitter spacetime our result about its classical stability with 
respect to massless Dirac perturbations is different from that of Ref. [22] (see also Ref. [23]) since for D > 7 
this black hole is unstable under the coupled electromagnetic and gravitational perturbations of scalar type 

mug. 

5 Discussion 

Based on the method that we use to show the classical stability of the Z)-dimensional Schwarzschild and 
SdS black holes against massless Dirac perturbations, we are able to extend this procedure and prove the 
classical stability under massless Dirac perturbations of the maximally symmetric black holes ([1]), since in 
these spacetimes we reduce the massless Dirac equation to wavelike equations with effective potentials of the 
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(36) 



form ([9j), and if these are not positive definite, then using the /S'-deformation method we find new potentials 
that are nonnegative. 

We notice that the method of Sect. 2] finds another use. It is helpful to show the classical stability against 
other fields, as the gravitational (already proven in Refs. [TO], [UJ), the electromagnetic and the Klein- 
Gordon perturbations (see below). For example, in General Relativity and for D-dimensional uncharged static 
spacetimes of the form (TTJ) with F 2 = 1/G 2 = /, the equations of motion for the vector type gravitational 
perturbations reduce to a wavelike equation §E§ with an effective potential equal to [T0J (see Eq. (2.17) of 
Ref. [TO]) 



w=4 



(38) 



where k v are the eigenvalues of the vector harmonics on the base manifold with metric dS|j_2 an d K is a 
discrete parameter related to the scalar curvature of the base manifold |10)-|12j. 

In a similar way, for D > 5 the effective potential for the tensor type gravitational perturbations is equal 
to [UJ (see Eq. (3.7) of Ref. [UJ) 



(39) 



where hl are the eigenvalues of the Lichnerowicz operator on the base manifold. Kodama and Ishibashi show 
that for some spherically symmetric D-dimensional black holes the effective potentials (f3"5|) and (|39p are not 
positive definite [TOJ [TTJ . 
Defining the function 

D — 2 f 

W GP = -^-i (40) 
we find that the effective potentials Vy and Vt take the form 

V V = (4 ~(D- 3)K)L + W 2 GP f™£*, (41) 
V T = (k l - 2(D - 3)K)L + W GP + 

Thus except for the first term, the mathematical form of these effective potentials is similar to that of 
the V± given in the formula (JOJ) for the massless Dirac field. Hence using the S'-deformation method with the 
functions 

S v = W GP , S t = -Wgp, (42) 



we obtain the new potentials 



V v = V v + f^-S v = (K v -(D-3)K)l (43) 



^-S t = {k l -2{D-2,)K)L 
or r z 



With the help of the S'-deformation method in Refs. [TOJ, [TTJ, Kodama and Ishibashi obtain the new 
potentials Vy and Vt of the formulas (|4"3"j) (see the expressions (2.22) of Ref. [TOJ and (6.8) of Ref. [TT]). 
but they find the functions Sv and St "by inspection" (see the formulas (2.21) of Ref. [TOJ and (6.7) of Ref. 
[TT])FI Here motivated by our results for the massless Dirac field, we expound a more systematic procedure 
to find the functions Sy and St of the formulas (|4"2")l . 

Thus taking into account our previous results, for a black hole such that the equations of motion for a 
perturbation simplify to wavelike equations with effective potentials of the type 

V± =E±+W 2 ±^, (44) 



3 Since we find the same potentials Vy and Vt of Refs. [101 . |12l we obtain the same conclusions about the classical 

stability of these black holes with respect to the gravitational perturbations of vector and tensor type. 
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we find that the functions E± determine its classical stability, as already shown in Refs. [T0]-[T2] for the 
gravitational perturbations of vector and tensor type. 

For the four-dimensional Schwarzschild black hole, for which F 2 = 1/G 2 = / = 1 — 2/x/r, H(r) 2 = r 2 , and 
cE 2 j_ 2 is the line element of the unit 2-sphere, it is known that the effective potentials for the axial (vector) 
and polar (scalar) type gravitational perturbations are [50l [55] 

Va = ^[fc(fc+l)-6M], 

V = - 2f - N9 \n 2 (n + l)r 3 + 3/mV + 9fi 2 nr + 9^1 , (45) 
r A {nr + Sfi) z ' 

where k denotes the azimuthal number (k = 2, 3, 4, ... , for the gravitational perturbations) and n = (k 2 + 
k - 1)11. 

In four-dimensional Schwarzschild black hole the effective potentials (|4"5j) are positive definite, hence the 
four-dimensional Schwarzschild black hole is stable against gravitational perturbations [51 HH] • Furthermore 
the effective potentials for the axial and polar perturbations take the form [SUl [S3] 

dP 

V p<a = ±p— + p 2 P 2 + eP, (46) 
where the upper sign corresponds to polar perturbations, the lower sign to axial perturbations and 

/> = 6„, * = (*-!)*(* + !)(* + 2), P=i {k _ 1){k 1 +2)r + 6fl - W 

Therefore from our previous results we find that the stability of the axial and polar perturbations is 
determined by the factor eP of the formulas (|4l))) when we choose W — ^f/3P, since we get the new potentials 

V P . a = eP = {k-l)k{k + l){k + 1)P, (48) 

and since outside the event horizon V > 0, we find the already known result that the four-dimensional 
Schwarzschild black hole is stable against axial and polar perturbations [9j [10] . 

Similar considerations apply to the tensor type gravitational perturbation of the spherically symmetric 
Einstein-Gauss-Bonnet black holes, because its effective potential takes a mathematical form similar to that 
of Vy and Vt in the expressions (|4T|) (see the formulas (16) and (18) of Ref. [E]). Thus in this example 
we can use our previous result to find the appropriate S function and study the classical stability against 
gravitational perturbations of tensor type [Ml [15] . 

For the maximally symmetric black holes (JXJ) when the base manifold &Y> 2 D 2 is a (D — 2)-dimensional 
sphere and the function H satisfies H(r) 2 = r 2 , the equations of motion for the Klein-Gordon and electro- 
magnetic fields simplify to Schrodinger type equations with effective potentials equal to 

k(k + D-3)F 2 2f2 (D-1)(D-A) F 2 D-1F fd F\ 
V «c = +mF + - 2 _ + (49) 

for the Klein- Gordon field and 

k(k + D~3)F 2 {D-1)(D-A)F 2 [D - 4) / d F 2 
Vi = 7. V - 



r 2 4r 2 G 2 4r \dr G 2 

_ (k + l)(k + D-4)F 2 (D-4)(D-6)F 2 (D-4) (dF 2 \ 
11 r 2 4r 2 G 2 4r \dr G 2 J ' [ ' 

for the modes I and II of the electromagnetic field [S5]. In the formula (|4"9"|) and in what follows, m denotes 
the mass of the Klein-Gordon field. As previously, k denotes the azimuthal number, but k — 0,1,1, ... , for 
the Klein-Gordon field and k = 1,2,3,..., for the electromagnetic field. 

We notice that the effective potential for the Klein-Gordon field (|49]) is not positive definite in D- 
dimensional Reissner-Nordstrom de Sitter black hole. Furthermore for the electromagnetic field the effective 
potential Vj is not positive definite in D-dimensional SdS black hole. Although we do not know a maximally 
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symmetric spacetime for which the effective potential Vu is negative in some interval, for example, Vu is 
nonnegative in Schwarzschild and SdS black holes, without any problem we include this effective potential in 
the discussion that follows. 

Making some algebraic operations the effective potentials Vkg, Vi, and Vu take the form 

Vi = ^ + d-^ +w}m _^ " (51) 

?2 



(k + l){k + D-A)F 2 2 dW EM 
Vi = ;3 + W EM + . 



where 



D-2F D-4F , , 

W KO = —^ W EM = —-. (52) 

For spherically symmetric spacetimes that satisfy F 2 = 1/G 2 = / and if F > and G > (as outside the 
event horizon in Schwarzschild and SdS black holes) we find 

W KG = Wem = (53) 

2 r 2 r 

Thus under these conditions we obtain Wkg — Wqp (see the formula (|40p). 

Hence the effective potentials Pkg, Vf) and Vjj of the formulas (|5T|) take a similar mathematical form 
that the effective potentials Vy and Vr of the formulas (UU for the gravitational perturbations. Using the 
S'-dcformation method with the functions 

Skg = ~Wkg, Si = Wem, Su = -Wem, (54) 
for the Klein-Gordon and electromagnetic fields we obtain the new potentials 



Vkg = ( ' uyu ' T + m 2 F 2 , 



fk{k + D- 3) 

Vi = Mfe + ^-3)^ | (55) 
^ _ (fc + l)(fc + £>-4)F 2 

The new effective potentials (|55|) satisfy Vkg > 0, Vi > 0, and V^j > outside the event horizon of the D- 
dimensional maximally symmetric black holes (JT|) with (D — 2)-dimensional spheres as base manifolds. Hence 
we can assert that these black holes are stable against Klein-Gordon and electromagnetic perturbations. 

As for the massless Dirac field, for the gravitational, electromagnetic, and Klein-Gordon perturbations the 
functions Sy, St, Skg, Si, and Su depend on the spacetime dimension, but in contrast to the corresponding 
functions for the massless Dirac field, these functions are proportional to / (defined in the formula (fTTj) ) and 
they do not depend on the azimuthal number. Thus given the spacetime and its dimension, for all the modes 
of the field we find only one expression for each of these functions. 

We believe that deserves further research to analyze the usefulness of this method to state the classical 
stability of other black holes. Moreover it is appropriate to extend this work and prove the classical stability 
of the maximally symmetric black holes ((TJ against massive and charged Dirac fields. 
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